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Nomenclature
a = semimajor axis of elliptic nose
Cp = surface pressure coefficient, (ps -p0 )/1/2U2

0
t = distance between center of nose arc and com-

mencement of parallel surface = {2Rt(\ -
r/t)+r2-t2}'/2

L = length of parallel surface of plate
M(X) = polynomial function of X
ps = surface pressure
P0 = undisturbed flow pressure
Re( = Reynolds number based on plate semithickness
R = radius of second arc on leading-edge profile
r = radius of nose arc on leading-edge profile
2t - plate thickness
u = local flow velocity parallel to surface
Us = flow velocity adjacent to surface
U0 = undisturbed flow velocity
x = streamwise coordinate
xs = coordinate along surface from stagnation point
d = boundary-layer thickness
X = boundary-layer parameter, (d2/v) (dUs/dxs)
jit = fluid viscosity
v = fluid kinematic viscosity
0 = boundary-layer momentum thickness, \b

0u/Us(\ —
u/Us)dy

p = fluid density

I. Introduction

EXTREMELY sharp or extremely bluff leading edges on
flat plate surfaces often lead to a local detachment of the

laminar surface boundary layer. The flow may become
turbulent before reattachment to the surface and is generally
more susceptible to disturbances in the flow.1 The use of an
extremely sharp leading edge of half-wedge form is very
sensitive to small flow misalignments and is often unac-
ceptable where the flow may contain disturbances.2'3
Boundary-layer investigations have been carried out using a
variety of curved leading edges4"6; the selection of the leading-
edge contour is often made on an intuitive basis and sub-
sequently modified if found necessary.3 The purpose of this
Note is to determine for two simple leading-edge geometries
which are easily specified, namely elliptical and double cir-
cular arc forms, what leading-edge shapes provide a fair
margin as far as boundary-layer separation is concerned when
the plate is at zero incidence.
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II. Analysis and Results
The external potential flowfield was calculated using a

numerical program7 which was designed to give accurate flow
detail in the leading-edge region. It was assumed that the
complete surface consisted of the shaped leading edge, a
parallel section of length L (L/t= 160 being employed in the
present calculations) and a wedge tapered trailing edge of
length IQt. The effects of the trailing-edge shaping on the
leading-edge flow were quite negligible for these surfaces
having a thickness/chord ratio of 0.53%. No boundary-layer
displacement corrections were applied as it was estimated that
these had a negligible effect for moderate thickness Reynolds
numbers (Ret=pU0t/p) on the velocity distribution in the
region of interest near the nose. The distribution of surface
pressure coefficient in the nose region for the different shapes
considered is shown in Fig. 1. The elliptical noses show a
single minimum pressure region followed by a region of
adverse pressure gradient as the flow velocity reduces to the
external flow speed on the parallel section. The higher the axis
ratio (alt) of the elliptical nose, the smaller is the resultant
minimum pressure coefficient, although the minimum then
occurs further along the surface. The double arc noses show a
minimum pressure, either on the larger radius of curvature
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Fig. 1 Distribution of surface pressure coefficient: a) elliptical nose
profiles, b) double arc nose profiles, /Yf = 0.5, c) double arc nose
profiles, r/t = 0.25.
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Fig. 2 Distribution of boundary-layer parameter: a) elliptical nose
profiles, b) double arc nose profiles, r/f = 0.5, c) double arc nose
profiles, r/t = 0.25.

second arc for small values of £//, or on the smaller nose
radius section for larger values of t/t. At intermediate values
of £// ( = 8, 4 in the present calculations) two minima can be
observed and thus two regions of adverse pressure gradient,
separated by a region of favorable pressure gradient, are
formed.

Development of the boundary layer on the nose profiles
will be determined on the basis of the momentum integral
equation and the Pohlhausen family of velocity
distributions.8 This family is characterized by the parameter
X = ( d 2 / v ) ( d U s / d x s ) , where 5 = boundary-layer thickness,
v = fluid kinematic viscosity, C/y = flow velocity tangential to
surface, and xs = distance following surface from front
stagnation point. Boundary-layer separation occurs when
\<-\2. Following Walz,9 the parameter \ may be deter-
mined by the equation:

A*(*)=M777-7T^-575 945 9072
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Fig. 3 Variation of minimum value of boundary-layer parameter
with nose slenderness: a) elliptical nose profiles, b) double arc nose
profiles, r/f = 0.5, c) double arc nose profiles, r/f = 0.25. (Solid line
denotes minimum at forward position, dashed line denotes minimum
at aft position.

It may be noted that \ is determined only by the form of the
dimensionless velocity distribution US/U0 as a function of
xs/t. The plate thickness Reynolds number does not enter the
solution for \(xs/t), as exactly compensating effects are
introduced in the thickness and velocity derivative terms in the
expression for X. However, the thickness Reynolds number
would provide an overall boundary to the range of ap-
plicability of the present calculations for laminar boundary
layers. For /?e/<100, approximately the assumption of a
small layer thickness in relation to surface curvature and
streamwise distance would no longer be a good assumption,
while at higher Reynolds numbers, Re(>5x\Q5, turbulent
transition might occur within the nose region analyzed. Also,
the tendency to separate at a nonzero angle of attack (not
considered here) is sensitive to thickness Reynolds number.

Putting (U s IU0) = ( 1 - C p ) !/2 and evaluating distances
along the curved surfaces ( x s / t ) by a numerical procedure,
values of M(X) were determined by integration along the
surface. A simple iterative procedure was then used to
determine X from M(X); this converged rapidly as
M(X) ^0.014 X closely approximated the polynomial for
-12<X<7; the range extending from the front stagnation
position (X = 7.05) to a point of separation. The distributions
of X as a function of x/t which were thus obtained are shown
in Fig. 2 for the elliptical and double arc noses. At in-
termediate values of the nose taper (a/t = 4, ?/t = 4) it is seen
that two minima are formed, although the effect is very weak
in the case of the elliptical profile. For the double arc profiles
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the first minimum occurs just after the change of curvature
while the second occurs further downstream on the parallel
section. The minima appear to be of comparable values in the
particular cases shown.

Nose profiles having a more bluff aspect (aft = 2, t/t = 2)
show a very much stronger minimum A at the further aft
position on the surface, the particular cases considered in-
dicating that separation would occur on the elliptical nose
(alt = 2) and the smaller nose arc (r/t = 0.25, lit = 2) profiles.
Where the nose profile has a more slender aspect (a/t = 8,
tit = 8) the minimum at the more forward position is stronger.

The variation of the minimum value of X with the nose
slenderness parameters alt and?/t is shown in Fig. 3, separate
curves denoting the minima at more forward or more aft
positions. For the circular arc profiles it is seen that the
tendency to separate may be minimized by selecting an in-
termediate value of lit (£/f = 4.0 giving -Xmax = 3.6 for
r/t = 0.5 ancU/f = 4.6-giving' ;-Xma?= 3.2 for r/t = 0.25) such
that the minimum X at both positions is the same. It seems
that the result is not strongly sensitive to the value of r/t in the
range 0.25 <r/t<0.5 considered. If a greater margin to avoid
separation is required, then an elliptical nose with a/t>5.0
should be used when ( — Xmax)<3.0 can be obtained. Ex-
periments with a flat plate with a thickness Reynolds number
between 1.5xl04 and 5.0xl04 and having an elliptical
leading edge with alt = 4.0 were found to give no problems in
the leading-edge area even when the plate was subjected to
intense acoustical disturbances.2

III. Conclusions
The tendency for flow separation in the leading-edge region

of a flat surface can be minimized using double arc contours
with r/t = 0.25 and £// = 4.6. Where a greater margin for
boundary-layer separation near the nose is required, an
elliptical leading edge with a/t>5.0 should be used.
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Effects of Swirl on the Subcritical
Performance of Convergent Nozzles
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Introduction

SCHWARTZ1'2 has advocated the use of swirl as a possible
method of noise reduction for turbojet and turbofan

engines. His experimental data show considerable noise at-
tenuation. On the other hand, the experimental results ob-
tained by Lu et al.3 and Whitfield4 appear to be less
promising. An important factor in assessing the suitability of
swirl as a noise suppression device is the magnitude of the
thrust loss incurred. Accordingly, a relatively simple method
of estimating the effects of swirl on the mass flux and thrust
of a subcritical convergent nozzle flow is presented below.

Some previous theoretical work has been reported on
subcritical swirling flows in nozzles. For instance, Bussi5

compared Mach number distributions in a convergent-
divergent nozzle obtained by numerical methods with the
predictions of quasicylindrical theory. An approximate
method is presented by Lu et al.,3 who apparently assume
that the swirl angle remains constant across a nozzle section.
It is shown herein that this method leads to substantially
larger estimates of the thrust loss as compared to the present
method. Experimental measurements of thrust and mass flux
for subcritical swirling nozzle flows have been reported by
Whitfield.4 These experiments were carried out at Rolls-
Royce, Bristol, using single- and double-stage fixed-vane
swirlers. Some of the data obtained are compared to
theoretical predictions.

Analysis
It is assumed that the flow at the nozzle exit section is

equivalent to a swirling flow in an infinitely long cylindrical
duct. This is the so-called quasicylindrical assumption, which
is analogous to the familiar one-dimensional theory for
nonswirling nozzle flows. Furthermore, it is assumed that the
swirl is produced by fixed vanes. This implies that for an
inviscid non-heat-conducting gas the entropy and stagnation
enthalpy are uniformly constant throughout the flow. Under
these conditions Carpenter and Johannesen6 have shown that
the Crocco vorticity theorem reduces to

v d ( r v ) dw
-—-— + w — =0
r dr dr (1)

where v and w are, respectively, the tangential and axial
velocity components at the nozzle exit and r the radial
coordinate. Integration of Eq. (1) gives

v d ( r ' v )
— A ,r' dr' (2)

where q2 = v2 + w2, subscript ex indicates conditions at the
nozzle lip and 7?ex is the radius of the nozzle exit section.

The pressure, p and density p at the nozzle exit are obtained
from the isentropic flow relations, namely
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